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Magnetic helicity tensor for an anisotropic turbulence 
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The evolution of the magnetic helicity tensor for a nonzero mean magnetic field and for large 
magnetic Reynolds numbers in an anisotropic turbulence is studied. It is shown that the isotropic 
and anisotropic parts of the magnetic helicity tensor have different characteristic times of evolution. 
The time of variation of the isotropic part of the magnetic helicity tensor is much larger than 
the correlation time of the turbulent velocity field. The anisotropic part of the magnetic helicity 
tensor changes for the correlation time of the turbulent velocity field. The mean turbulent flux of 
the magnetic helicity is calculated as well. It is shown that even a small anisotropy of turbulence 
strongly modifies the flux of the magnetic helicity. It is demonstrated that the tensor of the magnetic 
part of the cv-effect for weakly inhomogeneous turbulence is determined only by the isotropic part 
of the magnetic helicity tensor. 

PACS numbers: PACS number(s): 47.65.+a, 47.27.Eq 
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I. INTRODUCTION 

The magnetic helicity • H is a fundamental quan- 
tity in magnetohydrodynamics because it is conserved in 
the limit of infinite electrical conductivity of the medium, 
where H — V x A^) is the magnetic field and A^ is 
the magnetic vector potential. In addition, the topolog- 
ical properties of magnetic field are determined by the 
magnetic helicity (see, e.g., §],§))■ In developed magne- 
tohydrodynamic turbulence the mean magnetic helicity 
(a-h) is conserved as well in the limit of infinite magnetic 
Reynolds numbers and zero mean magnetic field, where 
h and a are fluctuations of the magnetic field and the 
magnetic vector potential, respectively (see, e.g., |j, [|). 



The magnetic helicity tensor Xi 



(x)/ij(x)) deter 



mines the tensor of the magnetic part of the a-effect. 
The latter is of fundamental importance in view of mag- 
netic dynamo (see, e.g., |lj ||, |j|). In spite of the great 
importance of this quantity, a dynamics of the magnetic 
helicity tensor for an anisotropic turbulence is poorly un- 
derstood. 

In the present paper the equation for the magnetic he- 
licity tensor for an anisotropic turbulence and a nonzero 
mean magnetic field, and for large magnetic Reynolds 
numbers is derived. It is shown that the isotropic and 
anisotropic parts of the magnetic helicity tensor have dif- 
ferent characteristic times of evolution. The time of vari- 
ation of the isotropic part of the magnetic helicity tensor 
is much longer than the correlation time of the turbulent 
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velocity field. On the other hand, the anisotropic part 
of the magnetic helicity tensor changes for the correla- 
tion time of the turbulent velocity field. This anisotropic 
part is determined only by the turbulent magnetic dif- 
fusion tensor. The mean turbulent flux of the magnetic 
helicity is calculated as well. It is shown that even small 
anisotropy of turbulence strongly modifies the flux of the 
magnetic helicity. 



II. THE EQUATION FOR THE MAGNETIC 
HELICITY: SIMPLE APPROACH 



First, we derive an equation for the magnetic helicity 
for an anisotropic turbulence by a simple consideration. 
The induction equation for the magnetic field H is given 
by 



dH/dt = V x (v x H - TjV x H) , 



(1) 



H) is the mean magnetic 
v) is the mean fluid velocity 



where H = B + h, and B = 
field, v = V + u, and V = 
field, r\ is the magnetic diffusion due to electrical conduc- 
tivity of fluid. The equation for the vector potential A^ 
follows from the induction equation (|l|) 

dA (t) /dt = v x H - ?;V x (V x A (t) ) + Vip , (2) 

where H = V x and A^ = A + a, and A = (A< f >) 
is the mean vector potential, tp = $ + 4> is an arbitrary 
scalar function, and $ = (ip). Now we multiply Eq. (|l|) 
by a and Eq. (|J) by h, add them and average over the 
ensemble of turbulent fields. This yields an equation for 
the magnetic helicity x — ( a p( x )^p( x )) : 

dx/dt = -2{u x h) ■ B - 27?(h ■ (V x h)) — V • F , (3) 
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where F p = V P x - XpnV n + (a x u) x B — ry(a x (V x 
h)) + (a x (u x h)) — (he/)). Electromotive force for an 
anisotropic turbulence is given by 

(uxh)=V DM xB + aB-j)VxB (4) 

(see, e.g., (§ where rj = fj mn = {Vpp^mn ~ Vmn)/2, 
and rjmn = V^mn + fj mn , and fj mn = (Tu m u n ), and 
(Vdm)h = —V m fj mn /2 is the velocity caused by the tur- 
bulent diamagnetism, and a = a mn = ct'mn + ctmn , and 
the tensors and ainn are given by 

a ™l = -[emji<™i(x)V n Uj(x)) 

+£ r yi(ruj(x)V m 'Uj(x))]/2 , (5) 

[smjiirhi (x)V n /i i (x)) 
+s n ji{Thi(x.)V m hj[x))]/(2fiop) . (6) 

Substituting Eq. (Q) into Eq. (||) we obtain after simple 
manipulations an equation for the magnetic helicity: 

d\ = _ 2 f d 2 x \ 
dt \dxpdyp) r ^ 



+ 2r) mn B m (V x B)„ 
2a mn B m B n - V F , (7) 



where we used an identity (h • (V x h)) = 
(d 2 x/dx p dy p ) r _Q, and r = x — y. The second and third 
terms in Eq. (0) describes the sources of the magnetic 
helicity. Therefore, the mean magnetic field B, the mean 
electric current oc V x B and the hydrodynamic helicity 
are the sources of the magnetic helicity. The first term in 
Eq. (0) determines the relaxation of the magnetic helic- 
ity with the characteristic time T which depends on the 
molecular magnetic diffusion 77. This time is given by 



2r? / d 2 x 



X \dx p dy p J r= 



(8) 



The characteristic relaxation time T of the magnetic he- 
licity is T ~ ToRm, i.e. it is much longer than the cor- 
relation time To = lo/ u o of the turbulent velocity field, 
where Uq is the characteristic turbulent velocity in the 
maximum scale of turbulent motions lo- The last term in 
Eq. (0) describes the turbulent flux F of the magnetic 
helicity which will be calculated in Section III. Equation 
(jjj) in the case of an isotropic turbulence coincides with 
that derived in H (see also [M 9). 



III. THE EQUATION FOR THE MAGNETIC 
HELICITY TENSOR: METHOD OF PATH 
INTEGRALS 

In this section we derive an equation for the magnetic 
helicity tensor. To this purpose we use a method of 
path integrals (see, e.g., j|, ^, [l(], |ll|). This method 
allows us to derive the equation for the tensor Xij — 
(Oi(x)%(y)) r _ >0 : 



d Xr] 

dt 



= -2rj 



dxpdyj. 



-2fj, 



np 



~Xnj 



dxpdyi 



+ g^(s jp ia^ ) x is - VpXtj + VixijS ip ) 

dVj dV p ( v ) 

dR ~^ ip ~~ ~dR^ v ^ 



^ks fosk^ij "i" £ispSph s j -\- Iij (9) 

(for details, see Appendix A), where R = (x + y)/2, and 



Iij = a is B i B s ~ a k"J B k B s 8ij + e ik i(Tuib)B k Bj 

+2e kll f llp B k {dB J ldRp) + J l3 , (10) 

and hij — (/ij(x)/ij(x)), and f)ij = (iij(x)tij(x)), and 
Si = (u,-(x)6(x)), and 0j = (0(x)/ij(x)), and J tj = 

E lpj a ii {(dai/dxp)h s ) + dipj/dRi - {(dhj / dxi)<t>) , and 
b — V • u. Equation (|J) is derived for the case = 0. 
We use here the (^-correlated in time random process to 
describe a turbulent velocity field. The results remain 
valid also for the velocity field with a finite correlation 
time, if the second-order correlation functions of the mag- 
netic field and the magnetic helicity vary slowly in com- 
parison with the correlation time of the turbulent velocity 
field (see, e.g., J9|, Q). We also take into account the de- 
pendence of the momentum relaxation time on the scale 
of turbulent velocity field: r(k) = 2To(k/ko) 1 ~' p , where p 
is the exponent in spectrum of kinetic turbulent energy, 
k is the wave number, ko = Iq ■ Equation for x — Xpp 
follows from Eq. (||): 



» ; 



dx 
dt 



-2r\ 



d 2 x 



2r? mn B m (VxB) r 



dx p dypj r=0 
2r/") B B 4- V \e v 



+V m Xm P - (4/3) Vpx] 
(see Appendix A), where hereafter V f 



r=0 



(11) 

d/dRp, and 

we used the gauge condition for the mean vector poten- 
tial fi S pS/pA s = 0. For an isotropic turbulence (fjmn — 
?7<5mn/3) the gauge condition is given by V A = 0. The 
last term in Eq. ([ll]) describes the turbulent flux of the 

magnetic helicity F p = e p uXtaOtu + v sXs P - (4/3)VpX- 
The mean turbulent flux of the magnetic helicity depends 

on the tensor of hydrodynamic helicity o^J and the mean 
fluid velocity V. Comparison of Eq. (|ll|) [which was de- 
rived by the path integral method] with Eq. ([?]) [which 
was obtained by the simple consideration] shows that 
these two approaches arrive to the similar equation after 
the change «mn —* d mn . Note that the mean turbulent 
flux of the magnetic helicity F cannot be calculated by 
the simple consideration. 

The tensor Xij can be presented in the form Xij — 
X^ij/3 + ^ij, where the anisotropic part of the mag- 
netic helicity tensor /i^ has the following properties: 
Ppp = 0. For the calculation of the second spatial deriva- 
tive (d 2 Xij /dxpdy p ) r =o we use the tensor Xij (k*^, k( 2 )) 
in k-space: 

Xii(k«,k( 2 )) = -5[(fc pp % - fcy)(x*/5 

^mnl^nni f^^pp) f^im^mj ^imf^mj 

)}/8nk 2 , (12) 



3 



where 



Xij ( x , y) 



X 4J (k« k( 2 ))exp{*(kWx 

satisfies the 



ij—^i nj . The tensor Xy(k (1) ,k 

identities XlJ (k^, k< 2 )) = and X ij (k (1) , h^)kf ] = 
0. These identities correspond to the conditions V • a = 
and Vh = 0, respectively. Using Eqs^ (§), (Q and ( pl"| ) 
[see Appendix B] we rewrite Eq. (|lj) for the magnetic 
helicity in the form 

dx/dt + x/T + V p {V pX ) + 2at»B m B„ 
-2f)mn5 m (VxB)„ = V p (^ / £ /pi a^ ) + V s (i sp ) . (13) 



Equation (|13|) implies that the characteristic relaxation 
time T of the isotropic part of the magnetic helicity ten- 
sor is T r*> ToRm, i.e. it is much longer than the cor- 
relation time To = Iq/uq of the turbulent velocity field. 
Equations (^) and (|l^) yield the equation for the tensor 
AH? : 

Vjpfhi + 8 V* P ^pj - 3Aiij - 3Sijr)* m iJ, mp = (7/10)(3rj?- 
-SiAx + Ofo/T), (14) 

where T]*, = fjij/fj pp - We neglected here small terms 
- (tq/T) and - t B 2 . It follows from Eq. @ that the 
anisotropic part of the magnetic helicity tensor is deter- 
mined only by the turbulent diffusion tensor. Therefore, 
the the characteristic time of evolution of the anisotropic 
part Hij of the magnetic helicity tensor is of the order 
of To, i.e., it is very small. Solving Eq. ( |i~4] ) in the 
basis of the eigenfunctions of the matrix r]*j we obtain 
Hij = when i ^ j, and /i U = ^x, and /j 22 = V»iX, 
and /j 33 = — (/xi + ^2)X: where r/ 4 * = when i ^ j, and 
Vxi = Vi, and r/22 = V2, and 7733 = 1 - (771 + 772), and 



AH = 
M2 = 



(ei-e 2 ) 2 /3 



£l£2 



_7_ 

30 
7 

30;ei£2 + (ei+e 2 ) 2 /3 



he 2 ) 2 /3 
£ 2 ) 2 /3 



and 771 = 1/3 + e\ and 772 = 1/3 + £2- In the case of 
one preferential direction (e\ — £2 = £ =/= 0) we obtain 
Mi = A*2 = 7/30. When e = the anisotropic part of 
the magnetic helicity tensor /xy = 0. In the case of one 
preferential direction (say, in the direction e), Eqs. (|lJ 
and (H) yield 

dx/di + x/7 1 + V p (U p cff x) + 2a^ n B m B n 

-2fj mn B m (VxB) n = , (15) 

where V cff = 23V/30 + 7(e • V)e/10 - 7(exD)/15, and 
the vector _D m = ctm n e n . Equation implies that even 
small anisotropy of turbulence (Rm~ <C £ <C 1) strongly 
modifies the flux of the magnetic helicity. 



For a weakly inhomogeneous turbulence the magnetic 
part of the a-tensor is given by 



4f„ } (r = 0) 



2X 



9?7TAiop 



-S =a {B) 6 



(16) 



(see Appendix C), where — 2x/(9riT^op) and x — 
x(R). This implies that the tensor for the magnetic part 
of the a-effect for weakly inhomogeneous turbulence is 
determined only by the isotropic part of the magnetic 
helicity tensor. Thus, the evolutionary equation for the 
magnetic part of the a-effect in this case is given by 



dt 



T 



+ 1 -V p (Vfa^p) 

P 



[a£> n B m B n - fi mn B m {VxB) 



where we used Eqs. (FL9) and (Rq 



(17) 



IV. DISCUSSION 

We have shown here that an anisotropy of a fluid flow 
strongly modifies the turbulent transport of the magnetic 
helicity. In particular, even small anisotropy of turbu- 
lence significantly changes the mean flux of the magnetic 
helicity. It is given by F = V cff x. Indeed, if we consider, 
e.g., a small anisotropy of turbulence: £ ~ Rm - ' 3 (where 
/3 < 1), then the vector D rn = a p v Je m /3 + 0(Rm _/3 ). 
When the mean velocity V is normal to the vector e 
(which is typical for astrophysical applications) we ob- 
tain V as 23V/30. Therefore, a very small anisotropy 
~ Rm"' 5 changes the mean flux of the magnetic helicity 
to 25 percents. This result is associated with an existence 
of a small parameter Rm _1 which is the ratio of the re- 
laxation times of anisotropic and isotropic parts of the 
magnetic helicity tensor. Note that the mean magnetic 
field is the main source of the magnetic helicity. For zero 
mean magnetic field the magnetic helicity is very small 
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APPENDIX A: DERIVATION OF THE 
EQUATION FOR THE MAGNETIC HELICITY 
TENSOR 

We use a method of path integrals (and modified 
Feynman-Kac formula) (see, e.g., ||5[ |9[ [io| , |TT||). The 
solution of the induction equation (111) with the initial 
condition H(t = t$, x) = H (x) is given by the Feynman- 
Kac formula #,•(*, x) = M{Gij(t,to)Hoj[£(t,to)]}, 
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where the function Gy is determined by the equation 
dGij (t s , t )/ds — NikGkj with the initial condition G^ = 
6ij for t s = to. Here M{-} is a mathematical expecta- 
tion over the ensemble of Wiener paths, t s = t + s, and 
Nik — dvi/dxk — Sitb, and the Wiener path, £ t = £(t,to) 
is given by £ t = x - f* g v(t s ,£ s ) ds + y/2rjw(t), where 
Wf is a Wiener process. This method allows us to get 
H l {t + At,x) : 

+ At, x) ~ Hi(t, x) + M j%(x)Ai 

/-At 

in(x) / Wndcr} (Al) 

Jo 

(see Appendix in ||), where Q,„ = HjW n Nij — 
(V m Hi)(V n v m ), and 

<Zi = H m y m Vi — v m V m Hi — 

+))w m w n V m V n i? 1 (At) _1 , 
Pi = (l/2)fl'„[V m ( ; i;iV n « ro - v m V n Vi) - V n (bVi) 

+<5mV m (6w m )] + V m H n (bv m S in - v m V n Vi 

+v k V k v m 5 m /2) + (1/2) 

Now we use the following identity [Vx (r)VxH)]fc = 
Vi(H n V n fjki - HtVnfjnk - fjinVnHk), where 77 = = 
(jjppSij — fjij)/2. This identity can be derived as fol- 
lows. Consider the vector Ek = V,(i? n V n ^fei) = 
V iV n (H n fjki) , where 77^ is an arbitrary symmetrical ten- 
sor, and we use the condition V • H = 0. Now we change 
n — ► 7 and i — ► n. This yields = VnVi(Hifjkn) 
= V i(HiV n fj kn + fjknVnHi). Using this equation we 
calculate the vector C k = Vi(H n V n fj k i - HiV n fj nk - 

Vin^nHk) = Vi(_ffiV„r7fcn + Vkn^nHi — /fjV ' n fj n k — 

Vin^nHk) = Vi[(fjnkS is - fj m S ks )V „H S }. Now we in- 
troduce the tensor fj = fjij = (fj pp Sij — fjij)/2. Using 
the identity Skim^jnaVrnj = fj nk S is - fj m 5 ks we obtain 
Gfe = [Vx(r)VxH)]fc. Note that the multiplication of the 
latter identity by £ k u£fns yields the definition of the ten- 
sor f]ij . Therefore, these calculations yield the above iden- 
tity. Note that fj mn is an arbitrary symmetrical tensor. 
When f] mn = W mn (where VTU m „ = 0), these identities 
yield [Vx(IUVxH)] fe = -Wi n \/iV n H k . We also use an 
identity v^J n v k = [£i kp a P n + S kn Si-S m S k + V n (v k v k )}/2 

(see H) where ami = -(£ m jiViV n Vj + s n:jl v i V m v J )/2, 
and S m — u TO (V • v) — V n (v n v m )/2. Using these equa- 
tions we obtain Q in = e itm V t {£t ps H p V n v s ) , and 



+Pi(x)(Ai) 2 + y2^5i n (x) / w n da} 

Jo 

+At\7 l ip , (A4) 
where H = VxA^, and Si n = £i ps H p V n v s , and 

Qi = SifkVfH k - ri(w p w p 8ii 

- M )(VxH) ; /(2Ai) . (A5) 
Pi = (-l/4)[e tls H s V p {v l v p )-24l ) H n 

+(v p v p 6 in - t)jj) n )(VxH)„] , (A6) 

and if is an arbitrary scalar function which depends on 
the gauge condition. 

Now we introduce a two-point correlation func- 
tion x^ y) = Aij - Ai(t,x)Bj(t,y), where A i3 = 



-w m w n )(VxH) n ]/(2At) , 



(A2) 



Pi = {-l/&)£u m Vt[E m i s H s Vp(viv p ) -2a$ n H n 



1 pyuiup) 
— w m v n )(VxH)„] 



(A3) 



Equations (Al), ( A2)-([A3|) yield an equation for the vec- 
tor potential A*-*-* : 



A^ (t + At, x) ~ Af (t, x) + M{Qi(x)At 



(^(i.xj-ffjfty)), and A\ v > = Ai+a h and H { = Bi + h h 
and A = (A^), B = (H), where equations for the 
mean fields A and B are given by dB m /dt = LmnB n , 
and dA m /dt = Lmn-B n +V m $, and L'jp(x) = £ smj V m + 



i(t) 



a s / - f} sm e m pj^p, and L\ :] ; (x) = e ips V p L;/(x). Equa- 



tions @, yield 



dAij/m - L^\y)Ai 8 + L^\ic)H kj 

+Nl; k v ]H ks + .fa , 



(A7) 



where <j> iS = ((V i yj(x))J c i r i (y)), and = (Hi(x)Hj(y)}, 
and 



N 



ijks 



a 



"kj — a ks Oij+SikfDt 



ikj u f u js 



SiskS 



'df) jf dfj pf 

Sifk I — ~ 







dy s dy p 



28- f) (x!y) - 
djsVfp dy p J ' 



and 



(rui(x) 



+E nj i(TUi(-x) 



dy m 



)]/2, 



= (r Um (x)6(y)) - (l/2)(dfj mn /dy n ) 
& = (ru m {x)u n {y)) , fj mn = + &/2 , 

and v = V + u, and V = (v), and b = V • u. These 
tensors satisfy an identity 

( ™ j(x) %M) = [e lkm a^+5krM Xy) 



dy n 



(see, e.g. 



ran 



Similarly we introduce amn 1 and Sm ■ 
dui(x) 

t— — wj(y)> 



ax 



OX 



/(y)) 



/2, 



^ = (ru m (y)6(x)) - (l/2)(dfj mn /dx n ) 
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which satisfy an identity 



SknS,. 

df) ki 
dx n 



]/2- 



By means of Eq. (A7) we derive an equation for the 
tensor x\j 



(xy) 



dt 



(y)x 



(xy) 



-(A) 



(■x.)h kj 



Ar( x y)u 



+iVgB fe (x)B s (y) + ((V i 0(x))/ lj -(y)) , (A8) 



where hij = (ft.i(x ))fe ? -(y)). Equation for the tensor x 
follows from Eq. (A8) by the change x — * y and y — > x. 



(yx) 

ij 



Now we introduce a symmetrical tensor: Xij = {Xij 



cji^)/2- Consider the case Vr)„ 



0. 



= (y {xv) , 
Now we derive 



equation for the tensor Xij{ v = 0) using Eq. (A8). The 
result is given by (||). For derivation of Eq. (|) we use 
the following identities: 



4 A) (x)^- 



L it\y)hj s = a[ v J(x)h s:j + a^\y)h sj + f) pn y 



d 2 



Xij 



_ (-u), r . q , _lO~ ® Xmj 

a is n sj a ks n skOij "I" Eispdpilsj "r *Vmp g x dx dx 



d 2 x 



V s 



dxi 



dx<£ y) dx ( t 



dy p 



d_ 

dXr, 



d 2 y (yx) 
dy P dy n 



$ / (v) (xy)\ . $ i (v) (yx)\ \ I 1 ' /< 

£ ipi I — X ip ) + — {a\s Xt ) 1 1 



dXr> 



d Vp ■ v 9 \ (xv) ^ Jyx) dVj 
dy p + Vs dy s ) X ^ 



X 



+ X 



(xy)dVj_ 

dy P 



T]pn 



V dy p dy n 



d 2 Y iyx) 
_ ^i] 

dxp d x 



At} 



(A9) 



(A10) 



(AH) 



The tensor otmL = (a.mn + )/^- We used here that 

dx p dy p J r=0 V ox p J 

The latter identity can be derived as follows. 

'dxt^ (M*) 



dx r . 



dXr, 



-ai(y)) 



-^-(/i s (x) ai (y)) - (^-hs) 

OXp OXp y r 

VpXi S - ((dai/dx p )h s ) . 



For the derivation of Eq. ( |l 1| ) we used the following 
identities: 

SiikVipBk^pBi = -r) im Bi(V 'xB) m - Bi\7i(fj sp \7 p A s ) , 

and ifp = — Vpx/3 + 0(l 2 /l B ), where Ib is the character- 
istic scale of the mean magnetic field variations, Iq is the 
maximum scale of turbulent motions, and Iq <gC Ib- 



APPENDIX B: THE DERIVATION OF EQ. (|l3|) 

We use here the two-scale approach (see, e.g., |l||, Q|). 
Indeed, let us consider, for example, a correlation func- 



tion 

(ui(x) Ui (y)) = /K(k (1) )%( k(2) )> exp{i(kW-x 
+k( 2 '-y)}d 3 fc( 1 ) d 3 k^ 
/y(r,K) exp(iK • R) d 3 K 

= J fij (k, R) exp(ik • r) d 3 k , 

where /y(K,r) /(^(k + K/2)«j(-k + 

K/2)) exp(ik ■ r) d 3 k, and / 4j (k,R) = /(^(k + 
K/2)uy(-k + K/2))exp(iK-R)d 3 if, and R = 
(x + y)/2, r = y x, K = kW + k< 2 \ k = 
(k^ 2 ) — k^)/2, and R and K correspond to the large 
scales, and r and k describe the small scales. Using Eq. 
( |l2l ) we obtain 

mp \dx m dy p J r=0 
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(3ry?- - 5ij) 



+ _ ij]j P ^pi + ^Vipf^pj 35ijT] prn n mp ) 



(Bl) 



where x( r = 0) = J X* exp(zK • R) d 3 K. <i 3 k and /Ltjj (r = 
0) = / ^ exp(iK • R)d 3 Kd 3 k, and X * = X*(A_K) and 
Mij = Mij(fcjK). In order to obtain Eq. (Bl) in r- 
space we used the transformations: ik' 1 ) — > 9/9x and 
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ik^ — > d/dy, and we assumed a weak inhomogene- 
ity of the magnetic helicity, i.e., we neglected the terms 
oc O(K) in Eq. (|l2|). We also used the realisability con- 
dition for the magnetic helicity (see, e.g., M), i.e., we 
assumed that the spectral densities x* an d Mjy X are 
localized in the vicinity of the maximu m sc ale of turbu- 
lent motion ^o- In order to derive Eq. (Bl) we used the 
following integrals: 

v f kikjk m k n . 

iijmn = / j2 sm0 dtt dip = —{dijd mn 

kikjkfk s ktk r . 1 
— smOdddip = -{Yf str 6 i:j + Y jfsr 5 it 

+Yif sr 5jt + Yjf st 5ir + Yif st Sjr + Yijf s Str ~ Yij tr 5f s ). 

Equations (Bl) and allow us to obtain Eq. (|lg|). 



APPENDIX C: THE MAGNETIC PART OF THE 
a-EFFECT FOR WEAKLY INHOMOGENEOUS 
TURBULENCE 

In this Appendix we derive a formula for the magnetic 
part of a-effect for weakly inhomogeneous turbulence. 
We show that this tensor is determined by the trace of 

( B) 

the magnetic helicity tensor. The tensor a m n for the 
magnetic part of the a-effect is determined by Eq. (||) . 
Now we calculate 



~t~^mXnp) K rn K n Xpp/'2< -KpK n Xmp 

+K p K m Xn P ] exp[iK • R] dkdK , 



(CI) 



where p is the fluid d ensi ty, and fiQ is the magnetic per- 
meability. Equation (CI) implies that the main contri- 
bution to the tensor for the magnetic part of a-effect 
is from the trace for the magnetic helicity tensor, i.e., 
o4m(r = 0) ~ J T(k)fc m fc„x pp (k, R) dk/p, p. Now we as- 
sume that Xpp(k;R<) — Xpp(fc>R0) i- e -i the trace of the 
magnetic helicity tensor in k space is isotropic (it is in- 

(B) 

dependent of the direction of k). Therefore, a m n(r = 
0) ~ Smn f T(k)k 2 Xpp(k,'R) dk/(3fiop), where we used 
that J (k m k n /k 2 ) sin 9 d6 dip = (4:ir/3)5 mn . The spectrum 
function of the magnetic helicity is given by 



x(k,R) = X (R) 



A- 
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where the wave number k is within interval fco < k < k x , 
and x(R) = / x(k,R)dk, and k = Iq . The correlation 
time is r(fc) = 2T (k/k ) 1 ~ q . The integration in equation 

for amn (r = 0) yields 



-■mji 



(rhiWVnhjiy)) = -e mji e lqi / T (k^)k[ 2) k n ^ 



x(a„(k (2) )^(k (1) ))exp[i(k (1) -x 

+k ( 2 > • y)] dk« dk ( 2 ) = J r(k^)(k^k^x P P 

-k^k^xmp) exp[i(k( 1 ) • x + k< 2 ) • y)] dk« dk< a > , 

where x™ = (a m (k^)h n (k^)). Since k( 2 ) = k + K/2 
and k W = k + K/2, wc obtain 

a mn ( r = 0) = / T"(k) [k m k n Xpp — Kp(k n Xmp 

HoP J 



a 



[B] 



(r = 0) 



x(R)(g-i) 

9(2 - q)T]THoP 

'-(if 



4-2q 



(C2) 



The realisability condition causes k x ~ fcoi he., the mag- 
netic helicity is localized at the maximum scale of turbu- 
lent motions (see, e.g., 0, Therefore Eq. (C2) yields 
©■ 
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